On the eigenvalue and eigenvector derivatives of a general matrix by Lim, Kyong B. & Juang, Jer-Nan
NASA Technical Memorandum 89127 
. 
4 
ON THE EIGENVALUE AND EIGENVECTOR 
DERIVATIVES OF A GENERAL MATRIX 
Jer-Nan Juang and Kyong B. Lim 
(NASA-TR-89127) CB TEE EIGENOALUE AND N87-2227 5 
E 1 6 E I V E C 1 0 8  D E R I V A T I V E S  OP A CEbBEiAL H A T B I X  
(NASA) 19 p Avail: 6315 Bc a02/aZ A 0 1  




National Aeronautics and 
Space Administration 
Langley Research Center 
Hampton. Virginia 23665 
https://ntrs.nasa.gov/search.jsp?R=19870012842 2020-03-20T11:50:12+00:00Z
ON THE EIGENVALUE AND EIGENVECTOR D E R I V A T I V E S  OF A GENERAL MATRIX 
J er-N an J uang 
NASA Langley Research Cen te r  
Hampton, V i r g i n i a  23665 
and 
Kyong Been L i m  
PRC Kentron I n c .  
Hampton, V i r g i n i a  23666 
ABSTRACT 
A n o v e l  a p p r o a c h  i s  in t roduced  t o  a d d r e s s  the problem of e x i s t e n c e  of 
d i f f e r e n t i a b l e  e i g e n v a l u e s  and e i g e n v e c t o r s  f o r  a g e n e r a l  matr ix  w h i c h  may 
h a v e  r e p e a t e d  e i g e n v a l u e s .  A method i s  shown u s i n g  t h e  s i n g u l a r  v a l u e  
d e c o m p o s i t i o n  a l g o r i t h m  t o  compute t h e  e i g e n s p a c e  wh ich  c o n t a i n s  t h e  
d i f f e r e n t i a b l e  e i g e n v e c t o r s  f o r  a g e n e r a l  matrix a s s o c i a t e d  wi th  r e p e a t e d  
e i g e n v a l u e s .  The s o l u t i o n s  of e igenvalue  and  e i g e n v e c t o r  d e r i v a t i v e s  f o r  
repea ted  e i g e n v a l u e s  are der ived .  Several examples are g iven  t o  i l l u s t r a t e  
t h e  v a l i d i t y  of f o r m u l a t i o n s  developed i n  t h i s  paper .  
1 
NOMENCLATURE 
A i ,  Jli ,  0 i  i - t h  e i g e n v a l u e ,  r i g h t  and l e f t  e i g e n v e c t o r  of matrix A 
s , s  r i g h t  and l e f t  e i g e n v e c t o r  subspaces  of i - t h  e igenva lue  
Jli 01 
Y i ,  (Di c o l l e c t i o n  of r i g h t  and l e f t  e i g e n v e c t o r s  of i - t h  e i g e n v a l u e  
- 
i - t h  d i f f e r e n t i a b l e  e i g e n v e c t o r  of m a t r i x  A Jli 
A 
c o l l e c t i o n  of d i f f e r e n t i a b l e  l e f t  e i g e n v e c t o r s  co r re spond ing  
'i 
t o  i- th e i g e n v a l u e  
X i  ( . J )  9 Jli ( J )  9 O i  ( J )  i - t h  e i g e n v a l u e ,  r i g h t  and l e f t  e i g e n v e c t o r  of t h e  matrix 
aJA/ a pJ 
m u l t i p l i c i t y  of i - t h  e i g e n v a l u e  
( j  1 r i g h t  e i g e n v e c t o r  space co r re spond ing  t o  t h e  e i g e n v a l u e  X i  
dimension of the i - t h  e i g e n v e c t o r  apace  S ( J )  of the matrix 
Jli 
( j  1 dimension of the  i n t e r s e c t i o n  subspace  between S ( J )  and S 
JIi 'k 
number of d i f f e r e n t i a b l e  e i g e n v e c t o r s  f o r  i - t h  e i g e n v a l u e  
c o e f f i c i e n t s  co r re spond ing  t o  i - t h  e i g e n v e c t o r  d e r i v a t i v e  
s c a l a r  parameter of m a t r i x  A 
subspace i n t e r s e c t  i o n  
d i r e c t  sum of l i n e a r l y  independent  subspaces  
INTRODUCTION 
C u r r e n t  s p a c e  s t r u c t u r e s  may be dynamica l ly  ve ry  complex. S i t u a t i o n s  
f r e q u e n t l y  a r i s e  i n  which v i b r a t i o n  modes a r e  v e r y  c l o s e  t o g e t h e r  i n  
f r e q u e n c y .  T h i s  c o n d i t i o n  may o c c u r ,  f o r  e x a m p l e ,  when s t r u c t u r e s  are  
n e a r l y  symmetr ic  i n  a p l a n e  or when l o o s e l y  c o u p l e d  b r a n c h  systems h a v e  
n a t u r a l  f r e q u e n c i e s  which a r e  ve ry  c l o s e  t o  t hose  of the  g l o b a l  system. 
P r e d i c t i o n  of the  dynamic behavior  of s t r u c t u r e s  under these  c o n d i t i o n s  i s  
d i f f i c u l t .  The phas ing  of branch responses  r e l a t i v e  t o  t h e  p a r e n t  s t r u c t u r e  
may be e n t i r e l y  r e v e r s e d  i n  certain modes depending upon t h e  a c c u r a c y  of a 
c r u c i a l  s t i f f n e s s  parameter .  
System performance or c o n t r o l  s t a b i l i t y  may depend upon the  a b i l i t y  t o  
p r e d i c t  t h e  s t r u c t u r a l  b e h a v i o r  u n d e r  t h e s e  s e n s i t i v e  c o n d i t i o n s .  Thus 
u n d e r s t a n d i n g  t h e  s e n t i  t i v i  t y  of  t h e  e i g e n v a l u e s  a n d  e i g e n v e c t o r s  w i t h  
r e s p e c t  t o  some parameter s u c h  as a s t i f f n e s s  o r  mass v a l u e  under c o n d i t i o n s  
o f  c l o s e  or r e p e a t e d  e i g e n v a l u e s  i s  e s s e n t i a l .  T h e  e i g e n v a l u e  a n d  
e i g e n v e c t o r  d e r i v a t i v e s  f o r  a m a t r i x  w i t h  d i s t i n c t  e igenva lues  are well 
documented i n  r e f e r e n c e s  [ l -41 .  The  g e n e r a l  e x p r e s s i o n s  for  e i g e n v a l u e  and  
e i g e n v e c t o r  d e r i v a t i v e s  f o r  n o n - s e l f - a d j o i n t  s y s t e m s  appear  t o  be f i rs t  
g i v e n  by Rogers [ l ] .  The f o r m u l a t i o n  was co r rec t  b u t  i n c o m p l e t e  i n  t h e  
s e n s e  t h a t  o n l y  d i r e c t i o n a l  c h a n g e s  were i n c l u d e d  i n  t h e  e i g e n v e c t o r  
s e n s i t i v i t y .  L i m ,  e t  a1 [4] ,  r e - examined  t h e  e i g e n v e c t o r  d e r i v a t i v e s  by 
i n c l u d i n g  the  c o n t r i b u t i o n  of e igenvec to r  change i n  t h e  nominal e i g e n v e c t o r  
d i r e c t i o n .  The e x i s t e n c e  of  d e r i v a t i v e s  of e i g e n v a l u e s  and  e i g e n v e c t o r s  
co r re spond ing  t o  a r e p e a t e d  e igenva lue ,  however, has  n o t  been addressed. 
The  p u r p o s e  of t h i s  p a p e r  is t o  d i s c u s s  t h e  e x i s t e n c e  a n d  some 
c o m p u t a t i o n a l  a s p e c t s  of t he  d e r i v a t i v e s  of e i g e n v a l u e s  and e i g e n v e c t o r s  of 
a g e n e r a l  m a t r i x  which may have repea ted  e i g e n v a l u e s .  The s i n g u l a r  v a l u e  
decomposi t ion  algorithm i s  used t o  compute t h e  basis fo r  a n  e igenspace  which 
3 
d e t e r m i n e  t h e  d i f f e r e n t i a b l e  e i g e n v e c t o r s  a s s o c i a t e d  w i t h  r e p e a t e d  
e i g e n v a l u e s .  Examples a r e  p r e s e n t e d  t o  i l l u s t r a t e  t h e  concepts .  
EXISTENCE OF THE EIGENVALUE AND EIGENVECTOR D E R I V A T I V E S  
Consider  t h e  r i g h t  e i g e n v a l u e  problem 
A$i = A.$. ( i = l ,  ..., n )  or A Y  = 'YA 
1 1  
and t h e  l e f t  e igenvalue  problem 
T T ( i = 1 ,  ..., n )  o r  Q A = hcp T T 4 p  = x i 4 i  ( 2 )  
c lass  of m a t r i c e s  which are  non-defec t ive ,  a f u l l  l i n e a r l y  i n d e p e n d e n t  s e t  
of  e i g e n v e c t o r s  a l w a y s  e x i s t  a n d  t h e  r i g h t  a n d  l e f t  e i g e n v e c t o r s  can be 
normal ized  such  t h a t  
( 3 )  T c p Y = I n  
where In is an i d e n t i t y  matrix of o r d e r  n.  
Assume t h a t  t h e  d e r i v a t i v e s  of t h e  scalar  A i ,  v e c t o r  JI and m a t r i x  A 
Taking the p a r t i a l  d e r i v a t i v e  of 'Eg. 
w i t h  r e s p e c t  t o  t h e  p a r a m e t e r  p a n d  p r e m u l t i p l y i n g  t h e  r e s u i t i n g  
i '  
w i t h  r e s p e c t  t o  a parameter  p ex i s t .  
( 1  
e q u a t i o n  by Q y i e l d s  T .  
(4) T T ~ ~ i a ~ / a p ~ $ ~  - (3Ai/ap)ei  + ~ c p  ~ a $ , / a p ~  - cp ~ a $ ~ / a p ~ ~ ~  = o 
T where e . =  L O ,  ... , 1 ,  ... , 0] i s . a  n u l l  vector except  t h a t  t he  i - t h  element  
1s U n i t y .  I t  i s  o b v i o u s  t h a t  t h e  c o e x i s t e n c e  o f  a n  e i g e n v a l u e  and t h e  
c o r r e s p o n d i n g  e i g e n v e c t o r  der ivat ives  are r e q u i r e d  for  Eq. (4) t o  e x i s t .  I n  
o t h e r  w o r d s ,  t h e  e i g e n v a l u e  d e r i v a t i v e  e x i s t s  i f  a n d  o n l y  i f  t h e  




T yi = Q C a ~ / a p I + ,  - ( a A i / a p ) e i  (5) 
and 
x = Q T ~ a ~ l , / a p i  
i 
I n t r o d u c t i o n  of these two v a r i a b l e s  i n t o  Eq.(4) g i v e s  t h e  f o l l o w i n g  l i n e a r  
v e c t o r  e q u a t i o n  
yi + Ax. - X.A. = 0 (7) 
1 1 1  
or 
A i I 1 C X  . .  1 = 0 
J1  
C Y j i ]  + C A  - (8) 
i n  terms of each i n d i v i d u a l  element. 
Assuming t h a t  t he  e igenva lue  A i  has  a m u l t i p l i c i t y  r i . e .  A k  ( k = i ,  i '  
i + l ,  ..., i+ r  -1 )  = A , Eq. ( 8 )  is s a t i s f i e d  i f  and o n l y  i f  i i 
= 0 f o r  k = i ,  i + l ,  ..., i+ri-1 ( 9 )  'k i 
w i t h  a r b i t r a r y  x t o  be determined.  Let Q i =  [ 4 ) i ,  4 ) i + l  , . . . , 4 ) i + r  3 ,  and 
i k i  
li = L I J i '  J l i+1 9 * ' l J i + r . - l  3 r e s p e c t i v e l y  r e p r e s e n t  t h e  c o l l e c t i o n  of t h e  
1 
l e f t  a n d  r i g h t  e i g e n v e c t o r s  a s s o c i a t e d  w i t h  the r e p e a t e d  e i g e n v a l u e s  A i .  
S i n c e  any nonzero  combinat ion of e i g e n v e c t o r s  a s soc ia t ed  w i t h  a repea ted  
e i g e n v a l u e  i s  a l s o  a n  e igenvec tor  of the e i g e n v a l u e ,  t h e  column v e c t o r s  of 
the  matrices Q i  and 1 .  r e s p e c t i v e l y  span  a l e f t  e i g e n s p a c e  S a n d  a r i g h t  
1 +i 
e i g e n s p a c e  S f o r  t h e  e igenvalue  A . .  To s a t i s f y  Eq. ( 9 ) ,  a s u b s e t  of r i  
1 Jli 
A 
independent  v e c t o r s  c o l l e c t e d  i n  t h e  n by r i  m a t r i x  Q i  should  be chosen from 
t h e  e i g e n s p a c e  S 
4'i 
such  t h a t  
5 
A A 
where Jl i s  a v e c t o r  c h o s e n  from t h e  e i g e n s p a c e  S and e i s  a n  r .  by 1 
i 1 i Jli 
n u l l  v e c t o r  except  t h e  f i r s t  e l e m e n t  i s  e q u a l  t o  u n i t y .  For a d i s t i n c t  
e i g e n v a l u e  r = 1 ,  Eq. ( 1 0 )  i s  a u t o m a t i c a l l y  s a t i s f i ed  by which t h e  well- 
i .  
known e q u a t i o n  of t h e  e i g e n v a l u e  d e r i v a t i v e  is o b t a i n e d .  
A 
O b s e r v e  t h a t ,  i f  t h e  v e c t o r  $i i s  a l s o  a r i g h t  e i g e n v e c t o r  of the 
m a t r i x  C a A / a p ] ,  t h e n  Eq.( lO) i s  sa t i s f i ed  w i t h  t h e  a i d  of t he  n o r m a l i z a t i o n  
c o n d i t i o n  i n  E q .  ( 3 ) .  
C a A / a p l  a s s o c i a t e d  w i t h  the  e i g e n v a l u e  A i ! )  s u c h  t h a t  
Let JlL1) be  t h e  r i g h t  e i g e n v e c t o r  of t h e  m a t r i x  
[ ; ) A / a ~ l $ ~ .  ( 1 )  = $, m A ( l )  ; k = 1 ,  ..., m ( 1  1 )  
The s u p e r s c r i p t  (i) ( i = l , 2 , .  ..) i n d i c a t e s  that  t h e  co r re spond ing  v a r i a b l e  i s  
associated w i t h  the e i g e n v a l u e  problem of the i - t h  p a r t i a l  d e r i v a t i v e  of t he  
m a t r i x  A w i t h  r e s p e c t  t o  t h e  parameter p .  L e t  r k .  ( ’ ) b e  t h e  n u m b e r  of 
( 1 )  i n d e p e n d e n t  e i g e n v e c t o r s  $ ( l )  associated w i t h  t h e  e i g e n v a l u e  A k 1 ) ,  and S 
k Jlk 
( 1  1 ( 1 )  b e  t he  r i g h t  e igenspace  g e n e r a t e d  by t h e  rk independent  e i g e n v e c t o r s  Jlk. . 
A 
The e i g e n v e c t o r  J, i n  Eq. (10 )  c a n  t h e n  be de te rmined  from the  direct  sum of i 
i n t e r s e c t  i o n  subspaces  
w h e r e  $2 a n d  o r e p r e s e n t  t h e  i n t e r s e c t i o n  a n d  d i r e c t  sum of s u b s p a c e s  
r e s p e c t i v e l y  C51. Note t h a t  t h e  d i rec t  sum f o r  Si r e s u l t s  from t h e  l i n e a r  
6 
i n d e p e n d e n c e  of e i g e n v e c t o r  subspaces ,  S ( 1 )  , . . . , S( . I t  f o l l o w s  that  t h e  
*i *m 
A 
dimens ion ,  r i ,  of the  subspace  Si can be w r i t t e n  as 
A r .  = C dim (S n S ( 1 ) )  A = Z ^(1)  rik m 
$1 *k k=l 1 k=l 
(13) 
The p r o c e d u r e s  f o r  d e t e r m i n i n g  t h e  d i f f e r e n t i a b l e  e i g e n v e c t o r s  
a s s o c i a t e d  w i t h  a r e p e a t e d  e igenva lue  can be summarized as f o l l o w s .  
( 1 )  Compute the e i g e n v a l u e s  A l e f t  e i g e n v e c t o r s  o i ,  and r i g h t  e i g e n v e c t o r s  i '  
Jli of t h e  s t a t e  m a t r i x  A (see Eqs. ( 1 )  and ( 2 ) ) .  
(2) Determine  t h e  number, r of independent  e i g e n v e c t o r s  a s s o c i a t e d  w i t h  a i '  
r e p e a t e d  e i g e n v a l u e  A i  , a n d  f o r m  t h e  e i g e n s p a c e  S spanned by t h e  
*i 
e i g e n v e c t o r s  . 
( 3 )  C o m p u t e  t h e  e i g e n v a l u e s  A " ) ,  l e f t  e i g e n v e c t o r s  $:'I, a n d  r i g h t  
i 
e i g e n v e c t o r s  1~'~) of t h e  s e n s i t i v i t y  m a t r i x  L a A / a p l  (see Eq.(ll) 1. i 
( 4 )  D e t e r m i n e  t h e  number, r!l), of independent  e i g e n v e c t o r s  a s s o c i a t e d  w i t h  
1 
each e i g e n v a l u e  A i .  a n d  form t h e  e i g e n s p a c e  S s p a n n e d  by  t h e  
* i  
e i g e n v e c t o r s .  
u n i t y  . 
N o t e  t h a t  t h e  d i m e n s i o n  ri1) of the e igenspace  may be 
( 5 )  Apply the  concept  of i n t e r s e c t i o n  between two subspaces  t o  de t e rmine  t h e  
d i f f e r e n t i a b l e  e i g e n v e c t o r s  a s s o c i a t e d  w i t h  the  r e p e a t e d  e i g e n v a l u e  A i  
(see Eq.(12)). 
7 
( 6 )  Determine the  number, ; ( l ) ,  of independent  d i f f e r e n t i a b l e  e i g e n v e c t o r s  
i k  
associated w i t h  the r e p e a t e d  e i g e n v a l u e  X i  (see Eq. (13 ) ) .  
7 1 )  The three numbers r i ,  r i l l ,  and r .  are re la ted by 
lk 
( 1 )  ^ ( 1 )  
i k  r L and r i  ~r i 
A 
Assume t h a t  t h e  d i f f e r e n t i a b l e  v e c t o r  Jli is i n  t h e  i n t e r s e c t i o n  s p a c e  
A 
( 1  1 between S and S . . The v e c t o r  JI w i l l  t h e n  be an e i g e n v e c t o r  of t h e  s t a t e  i "i 'k 
m a t r i x  A as well as t h e  s e n s i t i v i t y  m a t r i x  [ a A / a p ] .  From t h e  f a c t  t h a t  
e x p l i c i t  f o r m u l a  f o r  e i g e n v e c t o r  d e r i v a t i v e  e x i s t s  fo r  s i m p l e  e i g e n v a l u e s ,  
6 
i t  1s s u s p e c t e d  that  t h e  q u a n t i t y  L a ~ $ ~ / a p _ l  may perhaps be  computed by t a k i n g  
p a r t i a l  d e r i v a t i v e  of Eq. ( 1 1 )  which i s  t h e  e i g e n v a l u e  e q u a t i o n  f o r  the  
s e n s i  t i v i  t y  mat r ix  C a A / a p l .  
Based o n  t h e  above h y p o t h e s i s ,  l e t  t h e  m a t r i x  A i n  E q s .  ( 1 )  and ( 2 )  b e  
r e p l a c e d  by [ a A / a p J  and t h e  s e n s i t i v i t y  m a t r i x  [ a A / a p ]  i n  E q s . ( 4 ) ,  ( 5 )  a n d  
2 2 ( 1 1 )  b e  r e p l a c e d  by [ a  A / a p  1. O f  cou r se ,  i t  i s  assumed t h a t  t he  above 
d e r i v a t i v e s  e x i s t .  If r i l ) >  1 ,  perform t h e  above-stated p r o c e d u r e s  ( 1 )  - 
2 2 ( 6 1 ,  u s i n g  t h e s e  new matr ices  [ a A / a p ]  a n d  [ a  A / a p  J .  We w i l l  o b t a i n  a 
subspace  
of dimension ;(2) which c o n t a i n s  the d i f f e r e n t i a b l e  e i g e n v e c t o r  j i .  I n  E q .  i 
( 1 5 ) ,  t h e  s u b s c r i p t s  1 1 ~ 1 1  and I 1 R t 1  r a n g e  o v e r  t h e  c o r r e s p o n d i n g  number of 
i n v a r i a n t  e igenvec tor  subspaces  s o  t h a t  any o t h e r  p a i r  of t r ~ l l  a n d  llR1l may 
(2 )  a l so  be chosen t o  d e f i n e  S i 2 ) .  If  the dimension r i2 )  for  t h e  subspace  S 
6, 
8 
2 2 i s  still  l a r g e r  t h a n  1 ,  r e p l a c e  the m a t r i x  [ a A / a p ]  by t h e  m a t r i x  [ a  A / a p  3 
a n d  t h e  matr ix  [ a  A / a p  3 by [a  A / a p  3.  The above-s ta ted  procedures  ( 1 )  t o  2 2 3 3  
( 6 )  c a n  be r e p e a t e d  u n t i l  a subspace wi th  u n i t  dimension 
i s  o b t a i n e d  such  t h a t  t he  dimension r i k )  of the subspace  S ( k )  is a l s o  e q u a l  
$i 
t o  u n i t y .  Note t h a t  there  may n o t  e x i s t  a s o l u t i o n  which sa t i s f ies  Eq. 
A 
( 1 6 ) .  Assume t h a t  t h e  s o l u t i o n  e x i s t s .  The d i f f e r e n t i a b l e  e i g e n v e c t o r  $i  
j j  t h u s  d e t e r m i n e d  w i l l  t h e n  be t h e  e i g e n v e c t o r  of t h e  matr ices  [a  A / a p  3 
0 0 A 
( j = 0 , 1 , 2 , . . . , k )  where [ a  A / a p  3 = A. The d e r i v a t i v e  Caqi /apJ  c a n  t h e n  b e  
computed by t a k i n g  p a r t i a b l e  d e r i v a t i v e  of the  f o l l o w i n g  e i g e n v a l u e  problem 
where t h e  e i g e n v a l u e  A i k )  is now assumed non-repeated.  
A A A A (k) A ( k )  A 
= [$1 ,..., $n] ,  I = [$, ,..., $,I and  A = diag(A l , . . . , A n )  be ( k )  Let 9 
r e s p e c t i v e l y  t h e  l e f t  e i g e n v e c t o r s ,  r i g h t  e i g e n v e c t o r s ,  and e i g e n v a l u e s  of 
k k 
t h e  s e n s i t i v i t y  m a t r i x  [a  A / a p  3 .  Assuming t h a t  a f u l l  l i n e a r l y  independent  
set  of e i g e n v e c t o r s  e x i s t ,  t h e  r i g h t  and l e f t  e i g e n v e c t o r s  can be normal ized  
s u c h  t h a t  
where 1 is an  i d e n t i t y  m a t r i x  of order  n. n 
Taking t h e  p a r t i a l  d e r i v a t i v e  of Eg. ( 1 7 )  w i t h  r e s p e c t  t o  t h e  parameter  
p and p r e m u l t i p l y i n g  t h e  r e s u l t i n g  e q u a t i o n  by 4 ( k ) T  y i e l d s  
9 
I 
T where e . =  [0 ,... , 1, ... , 01 is a n u l l  v e c t o r  e x c e p t  t h a t  t h e  i - t h  e lement  
1 
is u n i t y .  Let 
and 
I n t r o d u c t i o n  of these two v a r i a b l e s  i n t o  Eq.( 19) g i v e s  the f o l l o w i n g  l i n e a r  
v e c t o r  e q u a t i o n  
A A  
= o  A + A ( k ) ^  xi - xiAi 'i (22) 
or 
i n  terms of each i n d i v i d u a l  e lement .  
A 
A .  is non-repea ted ,  Eq. (23) y i e l d s  
1 
S i n c e  t h e  e i g e n v a l u e  
A A A A 
x .  = Y . . / ( A .  - A i )  
J i  J1 J 
fo r  j f i ; j = l,...,n (24) 
w i t h  a r b i t r a r y  x t o  
i i  
b e  d e t e r m i n e d ,  as  i n  r e f e r e n c e  C41, from t h e  
A 
n o r m a l i z a t i o n  of t h e  e i g e n v e c t o r  JI i n  Eq. ( 17) s u c h  t h a t  i 
(25) $fJI i  = 1 
Tak ing  p a r t i a l  d e r i v a t i v e  of Eq. (25) r e l a t i v e  t o  t h e  parameter  p y i e l d s  
"T A AT - i a ~ ~ ~ a p i ~ l ~  + ~l~ L a ~ ~ ~ / a p i  = o (26) 
From Eqs. (18) and (211, o n e  o b t a i n s  
S u b s t i t u t i o n  of Eq.(27) i n t o  Eq.(26) t h u s  y i e l d s  
^ T -  ( k ) T  ^ ^ T , ( k )  A xi  L w  $I+[$ Y ]xi= 0 
A A  
where t h e  elements of xi a s s o c i a t e d  w i t h  t he  e igenva lues  A .* A i  are computed 
J 
A 
from Eq. (23 ) .  The o n l y  unknown xii  i n  Eq. (28)  can  t h u s  be de termined .  
A 
After t h e  v e c t o r  ~l~ i s  d e t e r m i n e d ,  t h e  f i r s t  e l e m e n t  of Eq. ( 1 0 )  
produces the f o l l o w i n g  known e q u a l i t y  
A 
i f  t h e  n o r m a l i z a t i o n  c o n d i t i o n  ( 3 )  i s  i m p o s e d ,  where $i i s  t h e  r i g h t  
e i g e n v e c t o r  d e f i n e d  i n  Eq. (10) which can a l s o  be d e t e r m i n e d  i n  t h e  same 
manner as the l e f t  e i g e n v e c t o r  $i. 
A 
Summary: The d e r i v a t i v e s  of d i f f e r e n t i a b l e  e i g e n v e c t o r s  a s s o c i a t e d  w i t h  
repea ted  e i g e n v a l u e s  for  a gene ra l  matrix can  be computed u s i n g  the  h i g h e r  
----- -__-------------------- 
---------------- 
o r d e r  derivatives of t h e  matrix i f  t h e y  e x i s t ,  whereas t h e  c o r r e s p o n d i n g  
e i g e n v a l u e  d e r i v a t i v e s  a re  e q u a l  t o  t h e  e i g e n v a l u e s  of t h e  s e n s i t i v i t y  
matrix [ a A / a p l .  
------------------- 
------------------------------ 
C a n p u t a t i o n  of D i f f e r e n t i a b l e  Eigenvec tors :  
To compute the i n t e r s e c t i o n  of subspaces ,  t h e  p r i n c i p a l  a n g l e s  of t h e  
s u b s p a c e  p a i r s  i n  E q .  ( 1 2 )  shou ld  be de te rmined  (see Ref. 5 ) .  Assume, f o r  
r e p r e s e n t  t h e  p r i n c i p a l  a n g l e s  between subspaces  
( 1 )  
1 
example, t h a t  0 1 ,  . . . ,O 
r 
( 1 )  S and S whose dimensions s a t i s f y  
Jli $1 
( 1 )  r .  = dim ( S L dim ( S  ( 1 ) )  = r l  2 1  
1 9; 9; 
I I 
Compute the  s i n g u l a r  v a l u e  decomposi t ions ( S V D )  
T 
= u . 1 . v  'i i i i  
1 1  
( 3 0 )  
(32)  
Then form the  matrix C = U T U ( l )  and compute t h e  S V D  such  t h a t  
i 1  
T ( 1 )  
1 -  U CV - d i a g  (cosOk) ; k -1, 2 ,  ..., r 
and 
uiu = CU,, ..., u 1 r: 
(33) 
( 3 4 )  
L 
where uk a n d  v are the  p r i n c i p a l  v e c t o r s  of the  subspace  p a i r  (S , S ( 1 )  1. 
JIi $1 k 
By t a k i n g  t h e  vector uk c o r r e s p o n d i n g  t o  cosOk = 1 ,  a n  u n i t a r y  b a s i s  is  
( 1 )  formed t o  g e n e r a t e  t h e  i n t e r s e c t i o n  s u b s p a c e  S n S . Note t h a t  t he  
$1 +; 
( 1 )  i n t e r s e c t i o n  subspace S n S may be  n u l l .  A l l  t h e  o t h e r  i n t e r s e c t i o n  
$i $1 
s u b s p a c e s  i n  Eq. (12)  c a n  be computed s i m i l a r l y .  Assume t h a t  t h e  dimension 
A 
( j = 1  ,..., m )  i s  IT.. Note t h a t  r i  as ( 1 )  of the i n t e r s e c t i o n  s p a c e  S n S 
$1 4JJ . J  
d e f i n e d  i n  Eq.(13) is  t h e  t o t a l  number of d i f f e r e n t i a b l e  e i g e n v e c t o r s .  
EXAMPLE 
Consider  a series of t h r e e  s p r i n g s  and two masses i n  series as shown i n  
F i g .  1 .  L e t  k l  , k and k r e s p e c t i v e l y  be t h e  f irst ,  second,  and middle  2 m 
m k2  k k l  
F i g .  1 Three-Spring System 
s p r i n g  c o n s t a n t s .  The s t i f f n e s s  ma t r ix  fo r  the s y s t e m  is simply 
-k -E .  1 +km [ -km k2+Lm] = (k, +km) [ -: 1 +2q] (36)  
where E. = k m / ( k , + k m )  and rl = (k 2 1  -k ) / 2 ( k , + k 2 )  (37) 
T h e r e  a r e  two parameters ,  namely E. and  q, i n v o l v e d  i n  Eq.(29). F o r  
convenience  i n  t he  subsequent  a n a l y s i s ,  the  f o l l o w i n g  n o t i o n s  are  i n t r o d u c e d  
The m a t r i x  A can t h e n  be w r i t t e n  .by 
I n s t e a d  of d i r e c t l y  s t u d y i n g  t h e  s e n s i t i v i t y  p r o b l e m s  of t h e  s t i f f n e s s  
m a t r i x  a s  shown i n  E q .  ( 3 6 ) ,  l e t  u s  examine the three matrices Ao,  [ a A / a ~ . ] ,  
1 3  
and [ a A / a n ] .  The m a t r i x  A. has r e p e a t e d  e i g e n v a l u e s  A, = lo*= 1 and  a n  
T T e igenspace  spanned by $,= [l, 01 and q2= LO, 11. 
Case 1 :  
The e igenva lues  and e i g e n v e c t o r s  of the  s e n s i t i v i t y  m a t r i x  [ a A / a c ]  are  
which  a r e  o b v i o u s l y  i n  t h e  e i g e n s p a c e  S and t h u s  d i f f e r e n t i a b l e  f o r  t h e  
$ 
p e r t u r b e d  matrix d e f i n e d  by 
I n  f a c t ,  $, and $ are e i g e n v e c t o r s  of the m a t r i x  A1 c o r r e s p o n d i n g  t o  two 
E 2  
d i s t i n c t  e i g e n v a l u e s  Al l= 1 + ~  and  X = 1 - E .  T h i s  i n d i c a t e s  t h a t  t h e  
1 2  . 
e i g e n v e c t o r s  $ a n d  J, a r e  n o t  f u n c t i o n  o f  t h e  parameter  E .  The  
E l  E 2  
e i g e n v e c t o r  derivatives for the  m a t r i x  A t  are t h u s  z e r o ,  which i s  c o n s i s t e n t  
w i t h  t h e  t h e o r e t i c a l  results developed i n  t h e  p r e c e d i n g  s e c t i o n ,  b y  s i m p l y  
a p p l y i n g  [ a  A / ~ E  l=O i n t o  Eqs. (20)  and ( 2 4 ) .  2 2 
Case 2: 
The e igenva lues  and e i g e n v e c t o r s  of t he  s e n t i v i t y  m a t r i x  C a A / a n l  are 
A = 0, JI’ = CI, 01 a n a  x = 2, $A2= [O,II 
n l  rll n2 ( 4 2 )  
w h i c h  a r e  t h e  b a s i s  v e c t o r s  f o r  t h e  e i g e n s p a c e  S a n d  t h u s  a r e  a l s o  
J, 
d i f f e r e n t i a b l e  f o r  t he  p e r t u r b e d  m a t r i x  de f ined  by 
1 4  
O b v i o u s l y ,  6 a n d  J, a r e  a l s o  t h e  e i g e n v e c t o r s  a s s o c i a t e d  w i t h  t h e  
e i g e n v a l u e s  X = 1 and X 2 1 =  1+2n of the m a t r i x  A2 no matter what t he  v a l u e  0 
is. The e i g e n v e c t o r  d e r i v a t i v e s  a r e  t h u s  z e r o  f o r  t h e  p e r t u r b e d  m a t r i x  A 






Now examine t h e  matrix e q u a t i o n  
T T 
where t h e  m a t r i x  A has  e i g e n v e c t o r s  $,,= [ l ,  1]//2 a n d  $E2=  [1,-1]/J2 
associated wi th  the  e i g e n v a l u e s  X =1 -E a n d  X -1 + E  r e s p e c t i v e l y .  S i n c e  1 1  . 12 . 
e i g e n v a l u e s  X and X are d i s t i n c t ,  a p p l i c a t i o n  of Eqs. (5 ) - (8 )  y i e l d s  1 1  12 
I t  i s  s e e n  t h a t  [ a $  / a n ]  a n d  [a$  /an] are i n v e r s e l y  p r o p o r t i o n a l  t o  t h e  € 1  €2 
p a r a m e t e r  E a n d  t h u s  v e r y  s e n s i t i v e  i n  t h e  n e i g b o r h o o d  o f  rl = 0 ,  
p a r t i c u l a r l y  when E is  s u f f i c i e n t l y  small. T h i s  is  due t o  t h e  fac t  t ha t ,  
when E = 0, the  e i g e n v e c t o r s  become JIT =[1, 01 and J , ~  =[O, 21, corresponding  
rll n2 
t o  t h e  e i g e n v a l u e s  X 2 1 =  1 a n d  1 + 2 n  of t h e  m a t r i x  A2 shown i n  Eq. 
( 3 6 ) .  The e i g e n v e c t o r s  of A s u f f e r  r a d i c a l  c h a n g e s  w i t h  o n l y  s m a l l  
E2 p e r t u r b a t i o n s  i n  t h e  e n t r i e s  o f ,  t h e  m a t r i x  A.  The e i g e n v e c t o r s  J, and $ El 
fo r  a l l  E > 0 are  n o t  approximately p a r a l l e l  t o  e i t h e r  of t h e  two v e c t o r s  
a n d  JI no mat ter  how s m a l l  t h e  parameter  E: is. The t r a n s i t i o n  of the 
$rll r12 
e i g e n v e c t o r s  J, and JI t o  t he  v e c t o r s  J, and i s  p o s s i b l e  o n l y  when 
El €2 rll r12 
t h e y  a r e  a l l  i n  t h e  same e i g e n s p a c e  associated w i t h  a repeated e i g e n v a l u e  
f o r  the  case where E = 0. I n  o t h e r  words, for any n o n z e r o  E no m a t t e r  how 
15 
CON CL US1 ONS 
The e x i s t e n c e  of d i f f e r e n t i a b l e  e i g e n v a l u e s  a n d  e i g e n v e c t o r s  f o r  a 
g e n e r a l  m a t r i x  i s  a d d r e s s e d .  T h e  e i g e n s p a c e  w h i c h  c o n t a i n s  t h e  
d i f f e r e n t i a b l e  e i g e n v e c t o r s  a r e  determined and computed by u s i n g  the concept  
o f  s u b s p a c e  i n t e r s e c t i o n  i n  c o n j u n c t i o n  w i t h  t h e  s i n g u l a r  v a l u e  
decomposi t ion a lgor i thm.  The d i f f e r e n t i a b l e  e i g e n v e c t o r s  a s soc ia t ed  w i t h  
r e p e a t e d  e i g e n v a l u e s  f o r  a g e n e r a l  m a t r i x  s h o u l d  s i m u l t a n e o u s l y  be  the 
e i g e n v e c t o r s  of the c o r r e s p o n d i n g  s e n s i t i v i t y  m a t r i x .  F u r t h e r m o r e ,  t h e  
d e r i v a t i v e s  f o r  d i f f e r e n t i a b l e  e i g e n v e c t o r s  a s s o c i a t e d  w i t h  r e p e a t e d  
e i g e n v a l u e s  can be computed from h i g h e r  o r d e r  d e r i v a t i v e s  of t h e  m a t r i x ,  
whereas t h e  cor responding  e i g e n v a l u e  d e r i v a t i v e s  a re  t h e  e i g e n v a l u e s  of the 
s e n s i t i v i t y  mat r ix .  
- 
01 
small i t  is ,  t h e  t r a n s i t i o n  from the  v e c t o r s  J, and J, t o  the  v e c t o r s  J, 
and J, becomes i m p o s s i b l e .  
E l  €2 
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